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Motivation of Galerkin method, 2 examples
Empirical Galerkin method based on POD

POD-based Galerkin models of natural flow

Towards a attractor control

Purpose of this lecture:

e Make you excited about Galerkin modelling

e by connecting to (non)linear dynamics,
statistical physics and cybernetics

e and by sketching a flow control of the future.
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Phenomenogram of cylinder wake
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Drag of cylinder wake
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Dream #£1: Instabilities — turbulence
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Dream #£2: Statistical

physics — turbulence

Ludwig Boltzmann
(1840—1906)

Equivalent
subsystems:
1877: Entropy

S =kinW Ho sy Bl

Lars Onsager
(1903—-1976)
Particle/vortex
picture:

1949: point vortices
in 2D flows

— thermodyn. degree of freedom

Hans W Liepmann (1914 ) S
WARNING: —
Don't
forget —

Robert H Kraichnan

(1928-2008)
Wave/Galerkin picture:

1955: Fourier modes b,
— thermodyn. degrees of freedom
(absolute equilibrium ensemble)

How to partition the flow in equivalent subsystems (atoms)
(= thermodynamic degrees of freedom)?777?



Dream #£3: Control — turbulence

linear dynamics

da/dt=Aa+Bb
TO
>
B

strange attractor
da/dt = (a,b)

linear control
b=K a

chaos control
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statistical physics
S=klnW

0
S

Maxwell’'s deamon

Maxwell 1867
Wiener 1948




Turbulence control — transport vehicles

linear dynamics strange attractor statistical physics
da/dt=Aa+Bb da/dt = f (a,b) S=kinW

o O\ ‘O
o ° f O/
linear control chaos control Maxwell's deamon
b=K a ; :
o I .|L' "
. .
Anno Ott, Grebogi, Yorke Maxwell 1867
Dazumal 1990 PRL Wiener 1948

Promising modelling and control methods for practical applications?



Turbulence control = attractor control

Phase space
actuation

forced
attractor

natural
attractor
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Global linear stability analysis
Noack, Afanasiev, Morzynski, Tadmor & T hiele (2003) JFM —

(Unstable) steady Navier-Stokes solution at Re = 100

V . (usus) — —Vps _I_ VAUS oO———

Linearized Navier-Stokes equation u = us + U
8tu’ + V- (us u +u’ us) — —Vp’ 4+ vAU

Instability described by normal mode \{ >, = 0.139+4:0.855

W M2t £ () up =RN{f1} [ ¢ Qi

Galerkin approximation

u = us 4 aju; + aous v =i @@@

2-dim. Galerkin model reproduces instability.




Mean-field model

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM

Mean-field damping

mechanism

mean flow ug

Reynolds stress

stabifity analysis

eigenmode uq

m——=

et

o

steady solution ug

eigenmode up

/

_

DB &

Galerkin approximation
u=ug +

+ajuj + asup
Galerkin solution

Fluctuation amplitude

45% too low!

Shift mode prevents divergence.



Generallzed mean-field model

= | Noack, Afanasiev, Morzynski, Thiele & Tadmor 2003 JFM —

Galerkin model
(13a) u=us + 23: a; u;

(1b) daz — Z lz]a]+ Z q;5k05 Ak
J_O J,k=0

Us: steady flow
uj : oOscillatory modes
us. shift mode

Polar coordinates
= A COS¢, ap = A COS ¢
(2a) 4 = (0 — Baz) A+ h.h.

(2b) % = (w + yaz)+ h.h.
(2c) % d U3 — (03a3 + cA2)+ h.h.




Generalized mean-field model

— E Noack, Afanasiev, Morzyniski, Thiele & Tadmor 2003 JFM —

Galerkin model

3
(1a) u=us + ‘21 a; u;
1=

qe 3 3
(1b) = X lLija;j+ X gijkajag

5=0 5,k=0
Us: steady flow

uj : oOscillatory modes
us. shift mode

Polar coordinates
a1 = A Ccos¢, ap = A COS ¢
(2a) 4 = (0 — Bag) A+ h.h.

(2b) % = (w + ~vaz)+ h.h.

(2¢) %5 = (0303 + cA?)+ h.h.

Centre manifold
Using |o3| > o (2c) becomes:
0= (03&3 + CAQ) =

— c A2
() az=—-;7A
1
a; I |
L Q“O.o.o:...o.....o oo :::““ i
-1F c_..........................b
R o
2f =

Landau equations
(3) in (2a,b) yields

(42) 42 =54 — g+ A3
(4b) % =w +~*A2

o,w, 5,7 >0



Transient dynamics of wake

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

Operating
condition II
on attractor

T

transient
on paraboloid

u3g@\ =

e

|

Operating
condition I
near fixed point

~— | |-800 200
averaged flow, | Atractor %al = a1 — wao
@ag = ogap + way
- 7143 = —o3a3 —+ CA2
invariant POD modes & = o1 — [a3
manitold:----=---- shiftmode W = w1 + a3
A2 = a% + a%

ability eiéenmod&s

o8&

Landau equation
4A=0g1A—p*A3

B &




POD Galerkin model

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM

POD at Re = 100

3

u = Z a;u;
1=0

| =] Deane et al (1991) PF
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8-dim. POD model reproduces DNS.

Galerkin solution

da;

dt

= Vle]a] + Z qija;ag

7,k




POD Galerkin system of cylinder wake II

— | =| Noack, Afanasiev, Morzyniski, Thiele & Tadmor 2003 JFM —

Modal

energetics: 10g10E |

0=0Qi+T; 1

Qi = ¢l ;
-1
-2
-3

linear (external) interactions Qi=d; E;

A(;:0.0éj I Ii I
S Y EEEE EEEEE RECEE EERES EEREE EREEE --

Y VY (070083

R

guadratic (internal) interactions T;= Z Qijk & 33y




Structural instability of POD GM — Part I

Noack, Afanasiev, Morzynski, Tadmor & T hiele (2003) JFM —

3-dim.

du

dt

dv

dt
dw

dt

SODE (1= 0.1)

(u—w)u—wv
(b —w)v+u
—w + (u? + v?)

Unstable fixed point:

u=v=w=~0

Stable limit cycle:

u

(V)

w

= /pCOoSst
= /usint

= u

0.4

v F
0.2}
01F

ok

-0.1F
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01F
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0.06 |
0.04
0.02
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Structural instability of POD GM — Part II

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

POD Galerkin approximation: u = ug + ajuj + asus
where ug = (0,0,uR¢"), u; =(1,0,0), uz=(0,1,0)

3-dim. SODE (uR¢f =0.1) — PC;D Galerkin system:
du air  __ GM Ref
= = (p—w) u—w i (,u — U >a1—a2
dv dap _ ( GM _  Ref
T (n—w) v+u T (M —H >a2+a1
d Ref __
dt w=0.1 w=0.2
Galerkin 0'4/ ‘
solutions: v I
O_
_0.2_
-04F
AN

04 02 0 , 04 04 02 0 |, 04 04 02 0 , 04
This 'toy’ POD GM has all diseases of flow POD GM!



Transient dynamics of wake
= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

conawon 1 | [ g [ ] [0 0 [

averaged flow, _attractor

T -
transient
on paraboloid invariant ~~~~POD modes

@\_) manifold----------
@ T |

shift mode

steady solution stability eigenmodes

Operating

condition I ——— ‘3©§ @©>

near fixed point

[=1 Zielinska & Wesfreid (1995) PF



Transnent dynamics of GM with shift mode
= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM

Galerkin model .........
8 POD modes
+1 shift mode




Shift mode in POD Galerkin models

= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

Transient dynamics




Amplitude selection mechanism
— | =| Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

equilibrium amplitude => shift-mode vanishes

mean-field ( shift mode g’
theory amplitude amplitude ;
too large too small
80%
(2) ~K41
modes 1, 2
energy flow production gy
20% | | 13% 15%

cascade

energy 59,
transfer o
due to

nonlinearity dissipation

5%




Re-dependency of GM with shift mode

= | Noack, Afanasiev, Morzyniski, Tadmor & Thiele (2003) JFM —

Strouhal frequency
St=Uf/D ...............

Trend St(Re) well pre-
dicted with una.

Amplitude
K=A2/2 ... .............

Recrit predicted with up.

02 B * 7
St B * m
0.18} « o °
017 B ° !O * DNS =
0.16 F ® GM + shift-mode _
O standard GM
3.0 | | | |
A _ . ° xe @ *_
¥
20F eo -
@)
15} S -
10r % DNS -
05} ® GM + shift-mode
O standard GM
0.0 Le 4 : : :
40 80 120 Re 200



Transient dynamics of wake
= | Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

conawon 1 | [ g [ ] [0 0 [

averaged flow, _attractor

T -
transient
on paraboloid invariant ~~~~POD modes

@\_) manifold----------
@ T |

shift mode

steady solution stability eigenmodes

Operating

condition I ——— ‘3©§ @©>

near fixed point

[=1 Zielinska & Wesfreid (1995) PF



Hybdrld GM from POD and mean-field modes

Noack, Afanasiev, Morzynski, Tadmor & Thiele (2003) JFM —

u — Oiu = vAu —V (uu) —Vp
| | ! | !
8 da; 843 843
u= > a;u; > =v > lL:a; S ¢ P Ya:a
2 dt iZ0 174 —I_j,k:O(qwk _l_qu) j Dk
2
.21 au; < + 1st stability eigenmode
1=
Kinematics Transient dynamics
—— log(K) }
_‘p CFD -

O 8 POD modes
° +1 shift mode _
-+2 stab.m. o

t>71T —

S

h & O N P

O 10 20 30 ¢t 50
Hybrid model resolves natural transients.



Continuous mode interpolation
Morzynski, Stankiewicz, Noack, King, Thiele & Tadmor (2006) AFC —

mode 1 mode 2

k=1
uj o>

first POD modes

k=0.5
uj o>

interpolated modes

k=0
uj o

stability eigenmode

Mode interpolation resolves intermediate states.



Generalized mean-field model
Morzynski, Stankiewicz, Noack, Thiele & Tadmor (2006) AIAA —

3-dim. Galerkin approx.: Fluctuation energy
u=ug-+u for transient

Uup = Us + aaua | =

u' = afuf + a5ub // , '/

Galerkin system o // /

daf/dt = oa¥f — wa¥ A I
dat/dt = oak + wa’f M e

t/T

daA/dt = opan 4+ ¢ ((a’f)Q —+ (ag)Q)
oc=o01—Bapn, w=wi +vaa, Kk =an/aRx

Generalized 3-dim. model ~ 10% error.
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High-lift configuration

| =| Luchtenburg, Giinther, Noack, King & Tadmor (2008) JFM preprint

URANS — natural flow

actuated flow
St?, — faCﬂ/UoQ — O 6

Galerkin model
5
u=ug+ ';1 a; (1) u;(x)

da/dt = f(a,b), b :control

cyr, = cy(a) lift coefficient

2.5
2.41
2.3t (I I\

2.2t | ’ #

I
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Mean field model can explain ...

Transient dynamics

Amplitude selection mechanism

(1) dynamics ...Landau equation dA/dt = c A — BA3;
(2) momentum ...... Reynolds equation; ap = cAZ;
(3) energetics ............... dK/dt = Py + apan P> — D;

Malkus (1958) principle of marginal stability

for the mean flow

Structural instability of POD models

. and the need for shift/non-equilibrium modes

Many more things:

local linearisation, laminar verus turbulent channel flow,



Questions?



Stefan Siegel’s
coffee break!



